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Precanonical perspective in quantum gravity∗
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Quantization of general relativity in metric variables using “precanonical” quantization based on the De Donder-
Weyl covariant Hamiltonian formulation is outlined. Elements of classical geometry needed to formulate the wave
equation emerge from a self-consistency with the underlying quantum dynamics of the metric in this sense ensuring
the background independence of the formulation.
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1. INTRODUCTION
In spite of the noticeable progress in the quan-
tum theory of gravity during the last decade,
mainly owing to the Ashtekar program of non-
pertubative canonical quantum gravity and the
string/M–theory, it is difficult to escape a feel-
ing that the genuine conceptual foundations of
the synthesis of general relativity and the quan-
tum theory are still awaiting of their discovery.
In particular, the drastic differences between the
way the physics is described general relativisti-
cally and quantum theoretically urge us to in-
quire if the presently known procedures of field
quantization, that is the specific way the quan-
tum paradigm is implemented, are adequate to
the problem of quantization of gravity. The par-
ticular concern is due to the different status of the
time variable in quantum theory and in general
relativity, in addition to the characteristic to the
latter diffeomorphism covariance and a dynamical
character of the space-time. The main objective
of what we call the precanonical approach to field
quantization is to elaborate a procedure which
would treat all space-time variables on equal foot-
ing, more in accordance with the relativity theory.
The idea of precanonical approach is suggested
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by a long-known in the calculus of variations fact
that the Hamiltonian formulation can be alterna-
tively extended to field theory in the form of the
De Donder-Weyl (DW) canonical equations [1]
∂µy
a =
∂H
∂pµa
, ∂µp
µ
a = −
∂H
∂ya
, (1)
where given a Lagrangian density L(ya, yaµ, x
ν),
a function of field variables ya, their space-time
derivatives (first jets) yaµ and space-time vari-
ables xµ, one introduces new Hamiltonian-like
variables pµa := ∂L/∂y
a
µ (polymomenta) and H =
H(ya, pµa , x
ν) := ∂µy
apµa − L (the DW Hamilto-
nian function). Obviously, this formulation is
manifestly covariant, it treats space and time
variables on equal footing, i.e. requires no usual
3 + 1 decomposition, and corresponds to what
could be viewed as a “multi-time” generaliza-
tion of the Hamiltonian formulation from me-
chanics to field theory. No picture of fields as
infinite-dimensional mechanical systems evolving
in time is implied in (1); instead, fields are de-
scribed rather as systems varying in space and
time. These features make formulation (1) an at-
tractive alternative to the conventional “instanta-
neous” Hamiltonian formalism as a basis of quan-
tization, especially in the context of general rela-
tivity. Besides, the obstacles to the DW Legendre
transformation yaµ → pµa in general are different
from the usual constraints, thus suggesting a pos-
sibility of surmounting the usual constraints anal-
ysis when quantizing.
2The term “precanonical” refers to the fact that
formulation (1) and the related constructions are
in a sense intermediate between the covariant
Lagrangian description and the “instantaneous”
canonical Hamiltonian description; in mechanics
precanonical structures coincide with the canoni-
cal ones while in field theory they are different.
Field quantization stemming from formulation
(1) has been considered in [2–4]; its application to
general relativity has been discussed in a recent
preprint by the author [5] and will be outlined be-
low. Briefly, quantization based on DW Hamilto-
nian formulation (1) leads to a generalization of
quantum theoretic formalism in which the space-
time Clifford algebra replaces the algebra of com-
plex numbers (=the Clifford algebra of (0 + 1)–
dimensional space-time!) in quantum mechanics.
The Clifford algebra appears when quantizing the
Poisson brackets which in DW theory are defined
on differential forms [6,7] (c. f. [8]). This results
in representing polymonenta by operators
pˆµa = −ih¯κγµ
∂
∂ya
, (2)
which act on spinor (or the Clifford algebra val-
ued) wave functions Ψ = Ψ(ya, xµ); γµ’s denote
the imaginary units of the space-time Clifford al-
gebra; the constant κ of the dimension [length]−3
ensures the dimensional consistency of (2) and is
interpreted as a quantity of the ultra-violet cut-
off or the fundamental length scale [2,4]. The
wave function is supposed to fulfill a generalized
Schro¨dinger equation
ih¯κγµ∂µΨ = ĤΨ, (3)
where Ĥ is the operator form of the DW Hamil-
tonian function. This equation was found to be
consistent with several aspects of the correspon-
dence principle [3,4], for example, it leads to an
analogue of the Ehrenfest theorem and can be re-
duced to the field theoretic DW Hamilton-Jacobi
equation (with some additional conditions) in the
classical limit. Unfortunately, the details of the
relationship between the standard quantum field
theory and the present formulation so far remain
poorly understood. A possible connection with
the Schro¨dinger functional picture has been dis-
cussed in [2,4].
2. PRECANONICAL QUANTUM GEN-
ERAL RELATIVITY: AN OUTLINE
When applying the above approach to grav-
ity the configuration space is to be a bundle of
symmetric second rank tensors over the space-
time and the wave function is to be a function on
this space: Ψ = Ψ(gµν , xµ). The Schro¨dinger
equation for this wave function is obtained by
first writing a curved space-time version of (3)
and then replacing the metric and the connec-
tion by the corresponding operators. This leads
to the following guess concerning the wave equa-
tion for quantum gravity within the precanonical
approach:
ih¯κê6∇Ψ = ĤΨ, (4)
where Ĥ is the operator form of DW Hamilto-
nian density of gravity, H := √gH , where √g :=√|det(gµν)| =: e, and ̂6∇ := γµ(∂µ + θˆµ) denotes
the quantized covariant Dirac operator in which
γ-matrices are such that γµγν+γνγµ = 2gµν and
θˆµ is the spinor connection operator. Recall that
classically θµ = θ
αβ
µγ[αγβ], γ
µ = eµAγ
A and
θαβµ = g
ν[β(Γα]µν − eα]A ∂µeAν ). (5)
Since the quantum gravity possesses an intrin-
sic fundamental length scale, the Planck length
ℓ, one can expect that κ ∼ ℓ−3.
To find an operator realization of the quanti-
ties involved in (4) we first have to formulate the
Einstein equations in DW Hamiltonian form. It
is given by the set of equations [9]
∂αh
βγ = ∂H/∂Qαβγ, ∂αQαβγ = −∂H/∂hβγ, (6)
where hαβ :=
√
ggαβ are field variables,
Qαβγ :=
1
8πG
(
δα(βΓ
δ
γ)δ − Γαβγ
)
(7)
are corresponding polymomenta and
H := 8πGhαγ
(
QδαβQ
β
γδ −
1
3
QβαβQ
δ
γδ
)
(8)
is the DW Hamiltonian function of gravity. The
above formulation of the Einstein equations has
a deeper foundation in the theory of Lepagean
equivalents in the calculus of variations [9].
3Now, polymomenta can be quantized according
to the rule (2) adapted to curved space-time
Q̂αβγ = −ih¯κγα
{√
g
∂
∂hβγ
}
ord
, (9)
where the notation {...}ord refers to the order-
ing ambiguity of the expression inside the curly
brackets. Plugging (9) into (8) we obtain
Ĥ = −16π
3
Gh¯2κ2
{√
ghαγhβδ
∂
∂hαβ
∂
∂hγδ
}
ord
(10)
When formulating the left hand side of eq. (4)
we are led to the fundamental difficulties related
to the fact that (i) conceptually, the Dirac op-
erator generally refers to a classical space-time
background which is ought to be avoided in quan-
tum gravity and (ii) technically, the last term in
the spinor connection (5) cannot be expressed in
terms of metric variables. We deal with these dif-
ficulties by observing that the tetrads do not en-
ter the present DW formulation of General Rela-
tivity underlying the quantization and, therefore,
can be treated only as non-quantized x-depended
quantities e˜µA(x). The correspondence principle
then implies that they should be related to the
mean value of the metric as follows
e˜µA(x)e˜
ν
B(x)η
AB = 〈gµν〉 (x) (11)
where
〈gµν〉 (x) =
∫
[dgαβ ] Ψ(g, x)gµνΨ(g, x), (12)
and
[dgαβ] = g5/2
∏
α≤β
dgαβ (13)
is the invariant integration measure on the 10-
dimensional space of metric components (c.f.
[10]). Note that (12) is well-defined mathemat-
ically as a smooth field.
To quantize the connection coefficients let us
note that classically (c.f. (7))
Γαβγ = 8πG
(
2
3
δα(βQ
δ
γ)δ −Qαβγ
)
. (14)
Now, using (5) and (9) we can write
θ̂αβµ = −8πiGh¯κ
{
hν[β
(
2
3
δ
α]
(µγ
σ ∂
∂hν)σ
− γα] ∂
∂hµν
)}
ord
+ θ˜αβµ(x). (15)
This expression involves the ordering dependent
operator part (θαβµ)
op and an auxiliary spinor
connection part θ˜αβµ(x) which (i) accounts for
the term in (5) which cannot be expressed in met-
ric variables (hence, cannot be quantized) and (ii)
ensures the transformation law of θ̂αβµ is that
of a spinor connection. Our assumption is that
θ˜αβµ(x) is given by the standard formula
θ˜αβµ(x) = 2g
γ[αe˜
β]
B ∂[µe˜
B
γ] + g
αγgδβ e˜Bµ ∂[δ e˜γ]B (16)
where the tetrad field e˜µA(x) is given by (11).
Now, we can formulate the diffeomorphism co-
variant wave equation for quantum gravity:
ih¯κe˜6∇Ψ+ ih¯κ(√gγµθµ)opΨ = ĤΨ, (17)
where ˜6∇ = e˜µA(x)γA(∂µ + θ˜µ(x)) is the Dirac op-
erator constructed using the self-consistent field
e˜µA(x) and
(
√
gγµθµ)
op = −4πiGh¯κ
{√
ghµν
∂
∂hµν
}
ord
(18)
is the term corresponding to the operator part of
the spinor connection. The idea behind eq. (17)
is that classical geometric structures needed to
formulate the wave equation are introduced as
approximate averaged notions in a self-consistent
with the underlying quantum dynamics (deter-
mined by Ĥ) way. As a consequence of condition
(11) eq. (17) essentially becomes a non-linear
integro-differential equation describing the non-
trivial way in which the wave function Ψ speci-
fies, or “lays down”, the space-time geometry it
propagates on.
To complete the description, we also need to
impose a gauge-type condition in order to distin-
guish the physically relevant information. For ex-
ample, the De Donder-Fock harmonic gauge can
be imposed in the form
∂µ 〈√ggµν〉 (x) = 0. (19)
In the present context this is a gauge condition
on the wave function Ψ(gµν , xν) rather than on
the metric field.
43. CONCLUSION
The De Donder-Weyl Hamiltonian formulation
of the field equations leads to the procedure of
quantization of fields, which we suggested to call
precanonical, treating space and time variables
on equal footing. When applied to general rela-
tivity in metric variables this framework leads to
a Dirac-like wave equation (17), non-linear and
integro-differential, with self-consistently incor-
porated classical geometric structures. No arbi-
trarily fixed background structure is present in
the formulation; background independence is en-
sured by self-consistency which in its turn is dic-
tated by the correspondence principle. The av-
eraged self-consistent space-time serves its usual
role: to order events (here, different possible con-
figurations of the wave function in the metric
space where its linear quantum dynamics is given
by DW Hamiltonian operator Ĥ) and to interpo-
late between them. This is the only way to de-
scribe physics we are sure about at the present:
to describe it in space and time. Here we do have
a quantum dynamics of the wave function in the
metric space but we also do need classical space-
time to order and join together the configurations
of the wave function in the metric space (the
fibre) in different points of the space-time (the
base). Our wave equation prescribes how this or-
dering is achieved and how, as a consequence of
this, the space-time is gaining its metric struc-
ture. This reference to classical space-time, even
though self-consistent, may well be an approxi-
mation. “Quantum space-time”, usually thought
to be an essential ingredient of quantum gravity,
would imply a totally different way of describing
physics. Our approach suggests that this could
be achieved by attributing a proper sense to the
“operator of the Dirac operator” in the left hand
side of (4) without referring to classical geometric
notions. A. Connes’ non-commutative geometry
[11] can be mentioned as an example of a mathe-
matical framework achieving this goal.
Potential advantages of the present approach
are (i) the manifest covariance of the foundations
and the results and (ii) the luck of serious math-
ematical problems with underlying mathematical
constructions (as opposite to, e.g., the Wheeler-
De Witt geometrodynamics). It also offers a
framework for discussing the problem of emer-
gence of classical space-time in quantum grav-
ity and has a potential to enlighten the problem
of interpretation of quantum formalism in quan-
tum cosmology: the quantum system described
by (17) is “self-referential” in the sense that the
classical self-consistent tetrad field can be viewed
as a model of the observing degrees of freedom ex-
plicitly entering into the description of quantum
dynamics. We hope that these intriguing features
are a sufficient justification of the further analysis
and development of the precanonical approach to
quantum fields and quantum gravity, in spite of
its so far unclarified connections to the standard
quantum field theory.
Acknowledgments. I am grateful to the Orga-
nizers of the QG99 Conference for their kind in-
vitation, warm hospitality, and the financial sup-
port which allowed me to enjoy these unforget-
table days in Villasimius (Sardinia).
REFERENCES
1. Th. De Donder, Theorie Invariantive du Calcul des
Variations, Gauthier-Villars, Paris, 1935
H. Weyl, Ann. Math. (2) 36 (1935) 607
H. Rund, The Hamilton-Jacobi Theory in the Calcu-
lus of Variations, D. van Nostrand, Toronto, 1966
2. I.V. Kanatchikov, Int. J. Theor. Phys. 37 (1998) 333,
quant-ph/9712058
3. I.V. Kanatchikov, Rep. Math. Phys. 43 (1999) 157,
hep-th/9810165
4. I.V. Kanatchikov, in: Particles, Fields and Grav-
itation, Proc. Int. Conf. Lodz 1998, ed. J. Rem-
bielinski (AIP Conf. Proc., vol. 453 (1998) 356),
hep-th/9811016
5. I.V. Kanatchikov, Towards a “pre-canonical” quan-
tization of gravitation without the space+time de-
composition, Jena preprint FSU TPI 01/99,
gr-qc/9909032
6. I.V. Kanatchikov, Rep. Math. Phys. 41 (1998) 49,
hep-th/9709229
7. I.V. Kanatchikov, Rep. Math. Phys. 40 (1997) 225,
hep-th/9710069
8. J.E. Nelson and T. Regge, Ann. Phys. 166 (1986) 234
9. P. Horˇava, Class. Quantum Grav. 8 (1991) 206,
D. Krupka and O. Sˇteˇpa´nkova´, in: Proc. Meeting
“Geometry and Physics” (Florence, Italy, Oct 1982)
Pitagora, Bologna, 1983 p. 85-101
10. C. W. Misner, Rev. Mod. Phys., 29 497 (1957)
11. A. Connes, Non-Commutative Geometry, Academic
Press, London, 1994
